ON GLOBAL LINEARIZATION OF PLANAR INVOLUTIONS 



BENITO PIRES* AND MARCO ANTONIO TEIXEIRA 

Abstract. Let tp : R 2 — ¥ R 2 be an orientation— preserving C 1 involution such that <^(0) = and let 
Spc (tp) = {Eigenvalues of Dtp(p) p G R 2 }. We prove that if Spc (tp) C R or Spc (tp) n [1, 1 + e) = for some 
e > then tp is globally C' 1 conjugate to the linear involution Dtp(0) via the conjugacy h = (I + Dip(0)ip)/2, 
where / : R 2 — >■ R 2 is the identity map. Similarly, if ip is an orientation-reversing C 1 involution such that 
tp(0) = and Trace (Dtp(0)Dtp(p)) > —1 for all p £ R 2 then tp is globally C 1 conjugate to the linear 
involution Dtp(0) via the conjugacy h. Finally, we show that h may fail to be a global linearization of tp if 
the above conditions are not fulfilled. 



1. Introduction 

Let tp : R 2 — > R 2 be a C 1 involution, that is, a C 1 map such that tp o tp = I, where / 
identity map. It is widely known (see [HI [21]) that if p belongs to Fix (tp), the fixed point set of tp, then around 
p the involution ip is locally C 1 conjugate to its linear part Dtp(p) via the conjugacy h = (I + Dip(p)<p)/2. In 
other words, there exist neighborhoods U p of p and 01 h(p) £ Fix(Dtp(p)) such that h\u p : U p — > Vh( p ) 
is an orientation-preserving C 1 diffeomorphism satisfying hotp(q) = Dip(p)h(q) for all q £ In this article 
we provide conditions on the involution tp under which h is a global linearization of (/?, that is, U p = R 2 . The 
key point is to find conditions which ensure the global injectivity of h. In general, h may fail to be (globally) 
injective. 

The results of this article can also be stated in terms of the existence of a (^-invariant foliation for a planar 
involution tp. If tp(0) — and tp ^ I then there exists a tp- invariant local foliation of a neighborhood U of 
topologically equivalent to the radial foliation (if tp is orientation-preserving) or to the vertical foliation (if 
tp is orientation-reversing). In both cases there exists an explicit formula for the tp- invariant local foliation 
in terms of tp. We present sufficient conditions for the existence of a global foliation of R 2 that is invariant 
by tp and coincides with the local foliation around 0. 

It is not always possible to extend the local foliation induced by h to a (^-invariant global foliation. In 
order to do so, it is necessary to control the behaviour of the involution away from its fixed point set. More 
specifically, we need to know how the set Spc (tp) lies in the complex plane C. All it is known is that nearby 
Fix (tp) the eigenvalues of Dtp(p) are close to { — 1, 1}. Away from Fix (tp), the involution tp looks like a general 
nonsingular planar map. We will need to impose some restrictions on Spc (i^) (the spectral conditions) to 
get the stated results. 

To reach the results we apply the theory of injectivity of planar maps to the problem of global linearization 
of C 1 involutions. Concerning injectivity results for planar maps, we would like to mention the outstanding 
work of Fessler [15] and Gutierrez [9], who solved affirmatively the bidimensional Markus-Yamabe Conjecture 
in 1995. Thereafter, many improvements (see (6j [3 HI [10] ) , variations (see [3]) and applications (see [201IU 
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H21 H3J [23] ) of that result have appeared within the mathematical literature. Other important approaches 
to the topic injectivity may be found in [4| [5j. [14 } [T9 | [22 | [24] . 

With respect to linearization of involutions, there are two worth mentioning results: the Bochner- 
Montgomery Theorem (see |21j ) about the linearization of a compact group of transformations around a 
fixed point and the result of K. Meyer |20j about the linearization of an antisymplectic involution of a sym- 
plectic manifold in a neighborhood of its fixed point submanifold. In addition to these, we refer the reader 
to the articles [17] and [25], which deal with simultaneous local linearization of pairs of involutions. 

2. Statement of the results 

We say that a C 1 map / : R 2 — > R 2 is orientation-preserving (respectively orientation-reversing) as 
Det (Df) > (respectively Det (Df) < 0). We will make use of the following sets: the fixed point set of /, 

Fix(/) = {peR 2 |/(p)=p}, 

and the Spectrum of /, 

Spc (/) = {Eigenvalues of Df(p) | p 6 R 2 }. 

We say that a C r involution <p : R 2 — >• R 2 is (globally) C r linearizable if there exists an injective, 
orientation-preserving C r map h : R 2 —> R 2 and p S Fix (ip) such that h o ip = D(p(p)h. 

Throughout this paper, we assume that 6 Fix (ip). There is no loss of generality in doing that as all 
planar C 1 involution has a fixed point (see Proposition 15. 

Given a C 1 involution ip : R 2 ->• R 2 such that tp(0) = 0, let h : R 2 -> R 2 be the C 1 map defined by: 

h=±(l + D<p(p)<p). 

We call h the standard map. It turns out to be useful to write h — ^Dip(0)g, where g — D(p(0) + <p. It 
is easy to check that h o ip = Dip(0)h. Moreover, since Dip(0) — I, by the Inverse Function Theorem h is 
injective in a neighborhood of and so it is a local linearization of (p. 

Since all orientation-preserving (respectively orientation-reversing) linear involution ip ^ I is linearly 
conjugate to —I (respectively to (x, y) i-> (x, —y)), there exists a unique foliation Srwo) of R 2 \ {0} by rays 
(respectively of R 2 by lines) invariant by the involution Dip(Q). We let denote the family of sets which 
are the inverse images of the leaves of Szj^o) by h. It is plain that if ft, is a local C 1 diffeomorphism then 
9^ is a (/^-invariant C 1 foliation. 

Now we state our results. 

Theorem A. An orientation-preserving C 1 involution p> : R 2 — > R 2 such that (p(0) — is globally 
C 1 linearizable via the standard map under any of the following hypotheses: 

(a) Spc (ip) — {1} (in this case <p = I) or 

(b) Spc (^3) n [1, 1 + e) = for some e > or 

(c) Spc (ip) c R 

Theorem B. An orientation-reversing C 1 involution ip : R 2 — > R 2 such that tp(Q) = is globally C 1 
linearizable via the standard map if Trace (Dip(Q)D(p(p)) > —1 for all p € R 2 . 

Corollary A. Let ip : R 2 -)■ R 2 be an orientation-preserving C 1 involution such that p(0) = and ip ^ I . 
If either Spc (ip) f) [1, 1 + e) = for some e > or Spc (ip) C R then 3^ is a ip-invariant C 1 foliation of 
R 2 \ {0} topologically equivalent to the radial foliation. 

Corollary B. Let ip : R 2 -t R 2 be an orientation-reversing C 1 involution such that ip(0) = 0. If 
Trace (Dip(0)Dip(p)) > -1 for all p G R 2 then ^ is a ip-invariant C 1 foliation 0/R 2 topologically equivalent 
to the vertical foliation. 
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We also include a series of examples showing that the results of this paper may be applied to many 
involutions. Besides, C 1 global linearization of a C 1 involution via the standard map may fail if the spectral 
conditions are not fulfilled. These examples are examined in detail in the final section. 

Example A. The polynomial involutions p, tp, <fi, £ : M 2 — > R 2 defined below (for all integer n > 0) are 
globally C°° linearizable via the standard map. 

(i) <p(x,y) = (x - y 2n+1 , -y); 

(ii) i/>(x,y) = {-x + y 2r \-y); 

w *(«.»)-(-»-( £ 7 3! )'* H .-«+( £ 7 2 r> 

Pv) te rt=(-x+(^) 2 *',- ! ,-(^) 2 *'). 

Notice that in the Example A, tp and 4> are orientation- reversing involutions whereas tp an d £ are 
orientation-preserving ones. Thus, J v and 3^ are foliations of R 2 by topological lines whereas 1^ and 
3^ are foliations of R 2 \ {0} by rays. 

Example B. The orientation-reversing C°° involution tp : R 2 — > R 2 defined by 

tp(x, y) = (arcsinh (™MgL+gg!iM) , arcsinh ( 3sinh (g) Z sinh M ) ) 

is globally C°° linearizable via the standard map and 3 V is topologically equivalent to the vertical foliation. 

Example C. There exists an orientation-preserving C°° involution tp : R 2 — > R 2 that is not globally C 1 
linearizable via the standard map. In this case, 3^ is not topologically equivalent to the radial foliation. 

Example D. There exists an orientation-reversing C°° involution tp : R 2 — >• R 2 that is not globally C 1 
linearizable via the standard map. In this case, J v is not topologically equivalent to the vertical foliation. 

3. Foliations invariant by involutions 

Let M be either the whole plane R 2 or the punctured plane R 2 \ {0}. Let T = {L a } aeA be a partition 
of M into disjoint connected subsets called leaves. We say that J- is a C 1 foliation of M by curves if every 
point p £ M has a neighborhood U and a C 1 diffeomorphism (/i, / 2 ) : {/ — > C/i x U2 C R 2 such that for each 
leaf L a , the connected components of L a n t/ are level curves of /1. 

We say that a foliation T is invariant by an involution 93 : R 2 — > R 2 , or that T is tp-invariant if </? takes 
the leaves of J" onto the leaves of T . 

Let tp : R 2 — \ R 2 be a C 1 involution. Let 7 : (0, +00) — > R 2 be an embedding of (0, +00). As usual, we 
identify 7 with 7((0, +00)) = {-f(t) \ t £ (0, +00)}. We say that 7 is a ray if 7(0) = and lim^oo ||7(t)|| = 
+00. 

We say that a foliation T of R 2 \ {0} (respectively of R 2 ) is topologically equivalent to the radial foliation 
(respectively topologically equivalent to the vertical foliation) if there exists a homeomorphism h : R 2 — > h(R 2 ) 
which takes each leaf of J 7 in a ray (respectively in a vertical line). In the first case, h(0) = 0. 

Proposition 3.1. Let L : R 2 — > R 2 be a linear involution. The following statements are true: 

(a) If L ^ I is orientation-preserving then there exists a L-invariant foliation of R 2 \ {0} topologically 
equivalent to the radial foliation; 

(b) If L is orientation-reversing then there exists a L-invariant foliation of R 2 topologically equivalent 
to the vertical foliation. 

Proof. Every linear involution is diagonalizable and so is conjugate to one of the involutions: I, -I or 
(x,y) [x,-y). m 
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4. INJECTIVITY RESULTS 

Sufficient conditions for global injectivity of C 1 maps were provided independently by Fessler |15j and 
Gutierrez [5] who proved that if / : R 2 — > R 2 is a C 1 map such that Spc (/) n [0, oo) = then / is injective. 
Later on, Cobo-Gutierrez-Llibre [6] obtained the same result under the condition Spc (/) n (— e, e) = for 
some e > 0. A slight variation of this result is the following theorem: 

Theorem 4.1. Let / : R 2 -> R 2 be a C 1 map. If for some e > 0, Spc (/) n [0, e) = or Spc (/) n (-e, 0] = 
then f is injective. 

Notice that Theorem 14. 1 1 still holds true even if / is only differentiable (see [5]). 

5. Fixed point set of C 1 involutions 

The first step towards understanding the global behaviour of an involution is to clarify the structure of 
its fixed point set. Given two points p,q G R 2 , we let: 

\p,q} = {(t-l)p + tq\t€ [0,1]} 

denote the line segment joining p and q. 

Proposition 5.1. If ip : R 2 — ► R 2 is a C 1 involution then Fix(p) ^ 0. 

Proof. Suppose that Fix(ip) = 0. We claim that there exist p\ G R 2 and a line segment er = [p 1 ,p(p 1 )] 
joining p\ and p(jp\) such that a U ip(cr) is a (^-invariant topological circle. Indeed, let po G R 2 and let 
Co = [po, < p(po)] be the line segment joining po and p(po)- Let S = {p G o-q | p(p) G Co}- We have that S 
is a compact non-empty set. Besides, r = inf pe s \p — p(p)\ > 0, otherwise ip would have a fixed point. Now 
let pi G S be such that \pi — ip(pi)\ — r. It is plain that \pi,<p(pi)] n p([pi, p{pi)\) — {pi, ip{pi)}. Hence, 
if (Ti = \pi,o~(pi)] then o~i U <p(o~i) is a ^—invariant topological circle. This proves the claim. Let K be the 
compact region bounded by the topological circle o\ U p{o-\). Because <p is a diffeomorphism of R 2 taking 
the boundary of K into itself, we have that p(K) — K. By the Jordan Curve Theorem, we have that K 
is homeomorphic to the closed unit ball. By the Brouwer Fixed Point Theorem, p has a fixed point in K, 
which is a contradiction. ■ 

Proposition 15 . 1 1 in the case of orientation-preserving involutions is a consequence of a stronger result (see 
[TBI Wandering Theorem, p. 102 ]). 

Let ip : R 2 — > R 2 be an orientation-preserving C 1 involution. We set: 

Fix+ (p) = {p G Fix (p) | Dp{p) = I}, 

Fix-(^) = {p G Fix(^j) | Dp(p) = -I}. 

Lemma 5.2. If <p : R 2 — > R 2 is an orientation-preserving C 1 involution then Fix ((p) = Fix + (<p) UFix - (<p). 

Proof. It follows from p being an orientation-preserving C 1 involution that if p G Fix (p) then either 
Spc (Dp(p)) = {1} or Spc (Dp(p)) = { — 1}. Hence, by the Jordan Form Theorem, there exist a G { — 1,1} 

and b G {0, 1} such that [Dp(p)]g = a) ' w ^ ere [^ ) V 5 (p)]e denote the matrix of Dtp(p) with respect to 
the basis of eigenvectors B. As Dp(p) is an involution, we have that 6 = 0, and so Dip(p) = al. g 

Lemma 5.3. If p : R 2 — > R 2 is an orientation-preserving C 1 involution then either Fix (ip) = Fix + (p) = R 2 
or Fix (ip) = Fix" (ip) £ R 2 . 

Proof. By Proposition 15.11 Fix ((p) ^ 0. Being both open (by local linearization) and closed, Fix + (p) 
is either empty or the whole R 2 . In this way, by Lemma 15.21 either Fix (ip) = Fix + (ip) = R 2 or Fix (ip) — 
Fix~(p). Finally, by local linearization, if p G Fix - (p) then p is an isolated fixed point of p. Thus 
Fix~(^) £ R 2 . B 
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Proposition 5.4. If tp : R 2 — > R 2 is an orientation-preversing C 1 involution then either Fix (p) = R 2 or 
Fix zs a unitary set. 

Proof. Suppose that Fix(<y9) ^ R 2 . By Lemma T5.31 Fix (p) — Fix~(ip). Consequently, by local lineariza- 
tion, Fix (p) is a discrete set (formed by isolated fixed points). We claim that Fix(^>) is a unitary set. By 
Proposition [5TJ Fix (<^) ^ 0. Without loss of generality we may assume that <p(0) — 0. Let 7 C R 2 be a ray 
such that 7\{0} C R 2 \Fix ((f). Firstly let us consider the case in which 7n<^(7) = {0}. In this case, 71^(7) 
is a ^-invariant topological line separating R 2 . Because Dp(0) — —I, we have by local linearization that p 
takes one connected component of R 2 \ (71^(7)) into the other one. Consequently, Fix (tp) = {0}. Therefore, 
we may assume that 7 fl 93(7) 2 {0}- Let t = inf {t G (0, 00) | 7(0, t] fl tp(j(0, t\) ^ 0}. Because tp is locally 
conjugate to —I around 0, we have that t n > 0. Besides, by the choice of to, C = 7([0,io]) U y(7([0,£o])) is 
a (^-invariant topological circle passing through 0. We affirm that this is impossible. Indeed, let K be the 
compact set bounded by the topological circle C . By the Jordan Curve Theorem, K is (^-invariant. However, 
this is a contradiction because G C and around the involution ip is topologically conjugate to the linear 
involution — /. ■ 

In this paper, Proposition l5.4l will follow automatically from other hypotheses. For instance, the condition 
Spc(/) n [1, 1 + e) =0 implies that #Fix (/) < 1 (# denotes the cardinality) where / : M 2 -4 M 2 is any 
C 1 map (see [21 Corollary 2, p. 421]). 

6. Proof of the main results 

Henceforth, we will assume that is a fixed point of the involution ip : IR 2 — > R 2 (see Proposition 15. ip . 
We will need some lemmas and propositions for the proof of the main results. 

Lemma 6.1. Let ip : R 2 — > R 2 be a C 1 involution. There exist continuous functions Xj : M 2 — >• C, j G {1, 2}, 
such that Spc (D<p(p)) = {Ai(p), A 2 (p)} for all pel 2 . 

Proof. It follows from the Theory of Ordinary Differential Equations that the functions Xj, j G {1, 2}, are 
given by: 

Trace {Dtp(p)) + (-l) j J (Trace (Dip(p))) 2 - 4Det (D<p(p)) 

Hp) 2 ■ 

■ 

Proposition 6.2. Let tp : R 2 — > M 2 be an orientation-preserving C 1 involution such that <p(0) = 0. If 
Spc (ip) n [1, 1 + e) = for some e > then (p is globally C 1 linearizable via the standard map. 

Proof. By Lemma T5. 31 and Proposition 15 A\ either Fix (tp) = Fix + (ip) = R 2 (and so tp = I) or Fix (tp) = 
Fix - (tp) is a unitary set. In this case, Fix (tp) = {0} and Dip(0) = —I. By Lemma [67TT there exist continuous 
functions Xj : R 2 -)• C, j G {1,2}, such that Spc (Dtp(p)) = {A x (p), X 2 (p)} for all p G R 2 . By the Jordan 
Form Theorem, for each p G R 2 , there exist a linear isomorphism S(p) : C 2 — > C 2 and a diagonal linear 
operator J(p) : C 2 — > C 2 defined by J(p)(u,v) = (Xi(p)u, X 2 (p)v) such that 

(6.1) lty(0) + Dp(p) = -I + S(p)J(p)(S(p))- 1 = S( P )(-I + J(p))(S(p))' 1 . 

It follows at once from (|6.ip that Spc (g) = Spc (</?) — 1, where g : M 2 — > R 2 is the map g = -0^(0) + tp. The 
hypothesis Spc (tp) n [1, 1 + e) = implies that Spc (g) fl [0, e) = 0. It follows from Theorem 14.11 that g is 
globally injective. Thus h — ^Dp(0)g is also globally injective. ■ 

Proposition 6.3. Let tp : R 2 R 2 6e an orientation-preserving C 1 involution such that tp(0) = 0. J/ 
Spc (y) C R then tp is globally C 1 linearizable via the standard map. 
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Proof. The same proof of Proposition 16.21 works with some slight changes. We have that Fix ((f) = {0} 
and Dtf(0) = —I. By Lemma T6. 11 there exist continuous functions \j : R 2 — > R \ {0}, j £ {1,2}, such that 
Spc(D<p(p)) — {\i(p), X 2 (p)} C K for all p £ R 2 . By the Jordan Form Theorem, for each p £ R 2 , there 
exist a linear isomorphism S(p) : R 2 — » R 2 and a lower triangular linear operator J(p) : R 2 — > R 2 defined by 
J(p)(u, v) — (Ai(p)tt + c(p)w, A2<j))i>), for some c(p) £ {0, 1}, such that 

(6.2) D<p(Q) + D<p(p) =-I+ S{p)J{p){S{p)y 1 = S(p)(-I + J(p))(S(p))- 1 . 

It follows at once from (|6.2j) that Spc (g) = Spc (ip) — 1, where g : R 2 — > R 2 is the map g = Dip(0) + ip. Because 
Ai(0) = -1 = A 2 (0) and Spc (ip) C R \ {0}, we have that Ai(p) < and \ 2 {p) < for all p £ R 2 . Hence, 
by the above, Spc (g) C (— oo, —1]. Theorem 14.11 implies that g is globally injective. Hence, h — ^Dip(0)g is 
also globally injective. ■ 

Theorem A. An orientation-preserving C 1 involution ip : R 2 — > R 2 such that ip(0) = is globally 
C 1 linearizable via the standard map under any of the following hypotheses: 

(a) Spc (ip) — {1} (in this case ip = I) or 

(b) Spc (ip) D [1, 1 + e) = for some e > or 

(c) Spc (ip) c R 

Proof. It follows immediately from Propositions 16.21 and [B~51 g 

Corollary A. Lef p : R 2 -)• R 2 be an orientation-preserving C 1 involution such that <p(0) — and ip ^ I . 
If either Spc (ip) (1 [1, 1 + e) = /or some e > or Spc ((ys) c R then J v is a ip-invariant C 1 foliation of 
R 2 \ {0} topologically equivalent to the radial foliation. 

Proof. By the proof of Proposition ^. 21 Dip(0) = —I. By Theorem A, the standard map h = 1(1 + D<p(0)<p) 
is a C 1 conjugacy between ip and —I. By definition, 3^ is the pullback by h of the radial foliation ^^(o)- 
In this way, because h is a local C 1 diffeomorphism, 3 V is a C 1 foliation of R 2 \ {0} by rays. ■ 

Theorem B. An orientation-reversing C 1 involution p : R 2 — > R 2 such that ip(0) = is globally C 1 
linearizable via the standard map if Trace (D<p(0)Dp(p)^) > —1 for all p £ R 2 . 

Proof. Let B be the eigenvectors basis with respect to which the representation matrix of -0^(0) is the 
diagonal matrix: 

W0)]b=(J _V)- 

Notice that Trace (Dh(p)) = \ h + Trace (Z>^(0)£)^(p))^ > | > for all p £ R 2 . Now Expel 2 and let 
a, b, c, d £ R be such that 

hmp)] B =(; J). 

Notice that a-d = Trace ([D<^(0)] s [LV(p)] B ) = Trace (Dip(O)Dip(p)) > -1. Hence, d - a - 1< 0. On the 
other hand 

Det (£V(0) + = (a + l)(d- 1) - 6c = (ad - be) + d - a - 1 = Det (D<p(p))+d-a — I < 0. 

Therefore, Det (Dh(p)) = iDet (l+D<p(0)D<p(p)) = iDet (Dip(0)) -Det(Dip(0) + Dip(p)) > for allp £ R 2 . 
The inequalities Trace (Dh) > and Det (Dh) > imply that Spc (h) n (-co,0] = 0. By Theorem SU h is 
globally injective. ■ 

Corollary B. Let ip : R 2 — >• R 2 6e an orientation-reversing C 1 involution such that ip(0) — 0. // 
Trace (D(^(O)D^(p)) > -1 for all p £ R 2 tfien ^ is a p-invariant C 1 foliation o/R 2 topologically equivalent 
to the vertical foliation. 
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Proof. Every linear involution is linearly diagonalizable. Hence, there exists a linear transformation S : 
R 2 — > R 2 such that SDip^S -1 = L, where L(x,y) — (x, —y). By Theorem B, tp is globally C 1 linearizable 
via h. These two facts together imply that Sh o <p = LSh. In other words, {p 6 R 2 ni(Sh(p)) = constant} 
is a ip- invariant global foliation of M 2 topologically equivalent to the vertical foliation Tl , where n\ : R 2 — > R 
is the canonical projection (x, y) i-> x. It is not difficult to show that such a foliation coincides with T v . ■ 

7. Examples 

In this section, we prove that the examples presented in the section "Statement of the results" have the 
properties announced therein. In what follows, we let p = (x, y). The canonical basis of R 2 is denoted by E. 

Example A(i). Let p : R 2 — > R 2 be the orientation-reversing involution defined by (p(x, y) = (x—y 2n+1 , —y). 
The matrix of Dip(0)D(p(p) is given by: 

A -(2n+l)y 2 " N 



[D<p{Q)D<p(p)] E 



1 



,.2n+l 



Thus Trace (Dip(0)Dtp(p)) = 2 > -1. By Theorem B, h : R 2 R 2 defined by h(x, y) = (x - ,yj is a 

C°° linearization of {p. By Corollary B, the family of curves 

{2x - y 2n+1 = constant} 
is a (p-invariant C°° foliation of R 2 topologically equivalent to the vertical foliation. 

Example A(ii). Let tp : R 2 — »■ R 2 be the orientation-preserving involution defined by tp(x, y) = {— x + 
y 2n ,—y). The matrix of Dtp (p) is: 

-1 2m/ 2 "- 1N 
-1 



[D^(p)]e = 



Therefore, Spc^) = { — 1} C R and (c) of Theorem A implies that ip is globally C 1 linearizable via the 

( y 2n \ 

standard map. In this case, h(x,y) = yx — '—^iV) * s a global C 1 linearization of tp and, by Corollary A, 
is topologically equivalent to the radial foliation. 

Example A(iii). Let <p : R 2 — > R 2 be the orientation-reversing involution defined by 

(- 9 -(£±I) 2 "+\-, + (£^) 2 " +1 ). 

The matrix of D(p(0)D<p(p) is: 

A - a(p) -a(p) 
a(p) 1 + a(p) 



[D<P{0)D<P{p)]e 

i ,(x + y\ 2n 



1 fx + v\ zn 

where a(x,y) = -(2n + 1)^— . Thus Trace (D<p(0)D(p(p)) = 2 > -1. By Theorem B and by 

Corollary B, <f> is globally C°° linearizable via the standard map and that 3^ is topologically equivalent to the 
vertical foliation. 

Example A(iv). Let £ : R 2 — >• R 2 be the orientation-preserving involution defined by 
The matrix of D£ (p) is given by: 



mm 



E 



f(3(p) - 1 (3(p) 

{-pip) -i-m 
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fx + y\ 2™— i 

where /3(x,y) = ny — - — J . Thus, Spc (£) = { — 1}. By Theorem A, as Spc (£) C R, we have that £ is 

globally C°° linearizable via the standard map. Besides, by Corollary A, jFj is topologically equivalent to the 
radial foliation. 

Example B. Let <p : R 2 — > R 2 be the orientation-reversing C°° involution defined by 

<p{x, y) = (arcsinh ( ^ ( " } ± {y) ) , arcsinh ( 3sinh (x) - sinh (y^ ^ 

One may s/iow i/iai ip is a C°° involution such that: 



[D<P(P)]E = 



/ cosh (x) cosh (y) 

^4 + (sinh (x) + sinh (y)) 2 a/4 + (sinh (x) + sinh (y)) 2 
3cosh (x) cosh (y) 



\ a/4 + (3sinh (x) - sinh (y)) 2 ^/4 + (3sinh (x) - sinh(y)) 2 / 

Notice that for each pGl 2 t/iere exzsi positive real numbers a, b,c,d > 0, depending on p, such that the 
matrix of Dip(p) with respect to the canonical basis is given by: 



Hence, 



In this way, Trace (D(p(O)Dip(p)) = a + 36 + c + d>0> — 1. By Theorem B, h is a global C°° linearization 
of (p. By Corollary B, J v is a f -invariant C 1 foliation o/R 2 topologically equivalent to the vertical foliation. 

Example C. In this example we deform the orientation-preserving linear involution ip = —I to obtain a 
nonlinear orientation-preserving involution ip ■ R 2 — > R 2 that is not C 1 linearizable via the standard map. 
To proceed with the construction, let n : R — > [0,7r] be a C 1 bump function such that 1 (7r) = [—1,1] and 
»7 _1 ( ) = R \ (-2, 2). Now let <j) : R 2 -)• [-tt, tt] be the C 1 function defined by 

t(p) = r 1 (\\p-(3,3)\\ 2 )-r ] {\\p-(-3,-3)\\ 2 ). 

Notice that the function <j) associates to each p £ M 2 an angle <f>(p). Points close to (3,3) are associated 
the angle tt whereas points close to (—3, —3) are associated the angle — tt. Besides, 4> vanishes on A = 
R 2 \ (-^2(3, 3) U B 2 (— 3, —3)), where B r (p) denotes the closed ball of ratio r centered at p. Given 9 6 R, let 
Re : R 2 — > R 2 be the rotation by 9 defined by 



Re 



cos 9 sin#\ / x 



K y) \— shi^ cos 9 J yy^ 
Let p + : R 2 -> R 2 and p_ : R 2 -> R 2 &e de/med fey 

P+ (p) = (3,3) + R Hp) (p- (3,3)) 

p_(p) = (-3,-3) + % p) (p-(-3,-3)), 

w/iere p varies on R 2 . Let £ : R 2 — >• [0, 1] &e a C 1 function such that £|b 2 (3,3) = 1 an( ^ £Ib 2 (-3,-3) = 0- ^ e 
may choose £ to be invariant under rotations centered at (3,3) or (—3,-3), that is, we may suppose that 

£ P+ = i an d £ P- = £■ 

Let p : R 2 R 2 &e t/ie C 1 map defined by: 



p(p) = Z(p)p+(p) + 0- - Z(p))p-(p), ?e 
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The map p takes each circle C of ratio r centered at (3, 3) (respectively at (—3, —3)) onto itself acting as a 
rotation by </>(3 + r, 3) (respectively by <j>(— 3 + r, — 3)) around (3,3) (respectively (—3,-3)). Furthermore, <f> 
is the identity map on A. 

Let if) = poip. We claim that ip is an orientation-preversing C 1 involution. Firstly observe that 4>{—p) = 
—<j)(p) for all pel 2 . In other words, (f> o <p = —(f). By the definiton of £ and p, we have that (f) o p = <p. In 
this way, for all p6R 2 we have that: 

%b(p) = po <p(p) = i? 0O¥ ,( p )(-p) = R-^i-p). 

It follows from the above that 

il) 2 (p) = po(poijj(p) = R^o^tp o ip(p) = R-^^i- R-4,( P ))(-P) = 

= R-4,o P o V (p)R-4,(p)(p) = R-<t>o V (p)R-<t>(p){p) = R<t>( P )R-<i>(p){p) = p- 

Now by the definition of p and as ip(Bi(3, 3)) = B\(— 3, —3), we have that for all p in the interior o/£?i(3, 3), 

L>V(P) = D(p o <p)(p) = Dp(<p(p))D<p(p) = R_ v <p = I. 

In this way, Spc {ip) D {1} and thus Theorem A and Corollary A cannot be applied. Notice that g(p) = 
Dip(0)(p) + ip(p) = -p + (p - (6,6)) = (-6, -6) for all p e Bi(3,3). In this way, h = \Dip(Q)g is not 
infective and 1^ is very degenerate. 

Example D. Let 7 : R — > K 2 be a C 1 embedding of the real line such that j((— 00, 1]) = (—00, 1] x {0} 
and 7 n ({0} x (-00, +00)) = {0,p,q}, where = (0,0), p = (0, a) and q = (0,6). Let ip : R 2 -> M 2 
be an orientation-reversing C°° involution such that Fix (ip) = 7(R) and D(p(0) : (x,y) h-> (x,— y). Let 
h : R 2 — >■ R 2 be the standard map for ip, that is, h — I + Dip(0)ip. We have that ip(p) = p, <p(q) = q and 

h(p) = h(0,a) = (0,a) + D<p(0)(p((0,a))=(0,a) + (0,-a) = (0,0) 

h(q) - h(0,b) = (0,b)+D<p(0)<p((0,b)) = (0,b) + (0,-b) = (0,0). 

Hence, h is not injective and thus ip is not C 1 linearizable via the standard map. 
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